Abstract. The paper is devoted to an extension of one particular fact within theory of partial stability, the so-called Pozharitsky Theorem, to the case of partial stabilization of nonlinear controlled system. It is shown that under appropriate assumptions partial stabilization of the system based on usage some Lyapunov function constructed from first integrals of the unforced system, implies that the Lyapunov function of a simplified form also leads to a controller that partially stabilizes the system. The theoretical results are illustrated hy the problem of partial stabilization of the downward equilibrium of the Inertia Wheel Pendulum. 
Abstract. The paper is devoted to an extension of one particular fact within theory of partial stability, the so-called Pozharitsky Theorem, to the case of partial stabilization of nonlinear controlled system. It is shown that under appropriate assumptions partial stabilization of the system based on usage some Lyapunov function constructed from first integrals of the unforced system, implies that the Lyapunov function of a simplified form also leads to a controller that partially stabilizes the system. The theoretical results are illustrated hy the problem of partial stabilization of the downward equilibrium of the Inertia Wheel Pendulum. As the reader can see this fact gives the simple and efficient algorithm for checking partial stability based on a Lyapunov function constructed from first integrals of the system. To check the partial stability following this way is then sufficient to consider the simplest Lyapunov function candidate (3), and if it does not guarantee the partial stability, a n y other candidate ( 2 ) will not guarantee it.
It is worth also mentioning the origin for a such type consideration. Prof. S.G. This paper is aimed at deriving a version of Pozharitsky Theorem for partial stabilization of the time invariant nonlinear controlled system of the form
Here U E Rm is a controlled variable, f and g ( x ) is a smooth vector field of appropriate dimensions. As in Pozharitsky Theorem, we will assume that I The exact movement of liquid corresponds to an element of the infinite dimensional state space, it is no really of interest in the problem, while, some averaged characteristics like, the vector of the total momentum of the liquid, its total energy, are of interest. So the problem of stabilization of the spherical pendulum at its downward position without taking into account the exact behavior of the liquid after transition falls into the area of partial stabilization.
Another motivating example is the stabilization of the downward equilibrium of the novel pendular system, the so-called Inertia m e e l Pendulum, introduced in [SI. Below we suggest a stabilizing controller, nhen only a position and velocity of one of two independent variables of the system are available for measurements.
The paper is organized as follows. The main result is stated in Section 2. As an exaniple of its application, the problem of partial stabilization of the downward equilibrium of the novel Inertia Wheel Pendulum is considered in Section 3, while some computer simulations of the results are drawn in Section 4. Some conclusions then are collected in Section 5.
The M a i n Result
T h e o r e m 2 Suppose that the assumptions I) and 11) are valid and that there exists a C'-smooth function F :
. . . ,~z ) ) ( 5 ) satisfies to the following conditions:
The function V ( t ) is y-positive definite, that is the inequality v(s) t a(llvll), a E (6)
holds; (4) such that the rank of the m x k matrix function is less than k for all t >_ 0, and such that z(t)
The feedback control defined b y
belongs to any neighborhood U of the set
IV). Any solution x(t) of the closed loop system (4) with the feedback controller has a non-empty compact w-limit set. Here the
Then the feedback controller (10) makes the closed loop system (41, (10) y-asymptotically stable.
Some comments to Theorem 2
As the reader can see the contribution of Theorem is that an existence of y-stabilizing controller (7) derived by usage of some appropriate Lyapunov function V(z) implies that the controller (10) of simplified form is also y-stabilizing. This fact can he seen as a direct extension for Pozharitsky Theorem: a presence of some Lyapunov function I'(t,x) implies an existence of Lyapunov function I/o(t,x) of the simplified form (3).
The assumption 111) restricts the consideration to the case when the number of independent first integrals Il(z),. . . , &(z) of the unforced system (4) is less or equal to the number m of control inputs, i. e. k s m
The matrix (8) may loose the rank on the set 1, see (9), while it is important that its rank remains equal to k in some vicinity of I.
It seems that the assumption IV) is the main difficulty in checking Theorem conditions. We specially avoid mentioning particular sufficient conditions guaranteeing its validity. In the examples, such a property may be obtained due to topology of the phase space (if, for example, some of coordinates are periodic or bounded for sure) or it comes from properties of first i n t e grals Ij(z) (if, for example, the function t/,(z) is proper on the state space of the system). Another ways to checking this assumption are presented in Section 3, where the partial stabilization of the downward equilibrium of the Inertio Wheel Pendulum is treated in detail. 
where 81 is the angle that the pendulum makes with the vertical line; 02 is the angle that describes the position of the symmetric disc; and
Here l1 is the length of the pendulum; IC, is the position of the center of mass of the pendulum; ml is the mass of the.pendulum; mz is the m a s of the disc; J1, J2 are inertia of the pendulum and the disc around their centers of masses. and Barbalat lemma imply that the solution q l ( t ) , q l ( t ) has non-empty w-limit set,'remains in the neighborhood of the downward equilibrium, and
41(t) . b ( 4 1 ( t ) > d l ( t ) )
-+ 0, as t + +CO.
This limit relation, in turn, implies that the solution q l ( t ) , Q1 ( t ) converges to the downward equilibrium, i.e.
q1(t) --f 0 , Cjl(t) --f 0, as t -+ +m (22)
On the cylindrical phase space the variable qz(t) E S' is a1u.ag.s bounded, therefore to prove a existence and compactness of w-limit set for q ( t ) , we has to show that the function q Z ( t ) is bounded.
The dynamics in q2 is covered by (17), (ZO), that is
d22@2(t) = r = q i ( t ) . Z i ( q i ( t ) , Q i ( t ) )

Therefore
To show that the integral in the right hand side of 
provided the function p ( t ) is nonnegative and monotonically decreasing.
We can directly apply the rlbel criterion to our case. Indeed, put then the improper integral has the d u e
Here we use the already proven limit relation (22) for ql(t). At the sametime, the function I I qI(t),ql(t)) is nonnegative, and due to (21) is monotonically decreasing. As a result the Ahel criterion allows us to conclude that the integral in the right hand side of (23) has a limit when t + +W. Therefore &(t) has also limit as t + +m and. hence, it is bounded. This finishes the proof.
( R e m a r k 1 As the reader can see from the proof of Lemma 3, an existence and compactness of w-limit set for the closed loop system (16), ( l i ) , (20) was derived by a particular property of the dynamics of the closed loop system, hut not by a properness of the storage function Vo(q) that is commonly in use in literature.
In our case the function l'o(q) is, in fact, not proper.
The Controller 11
The partial stabilization of the downward equilibrium of the Inertia Wheel Pendulum shown in Section 3.1 was made by usage only one first integral of the system, I , ( q ) . A simple question: What is original (simplest) form of the first antegral ZI 1 leads to some ambiguity in the choice of 1' o(q). Indeed, for any smooth scalar function F , the function F(Z,(q)) is again first integral, and only some personal preferences defines the expression for I l ( q ) .
Let us show that another form of Z1 results again in the partial stabilization, while a transient performance is proven to he exponential. Suppose that Due to the fact that q l ( t ) + 0 as t + +a, we can conclude that q2(t) is bounded and the limit relation is valid.
C o m p u t e r Simulations
To check theoretical results of Section 3.1 and 3.2 we simulate the closed loop system with both controllers (20) and (24). The parameters of the system ( E ) , (li) were chosen as is oscillatory (and may be not acceptable to real-time implementation, while the friction in the system will certainly help to damp these slowly decreasing oscillations and this fact has been verified by experiment). .4t the same time, the closed loop system with the controller (24) shows quite fast convergence qL(t) to zero. 
Conclusions
This paper is aimed at revealing an interesting extension of one particular (classical) fact within the partial stability theory to the case of partial stabilization of nonlinear control systems. This fact, the so-called Pozharitsky Theorem, states: If partial stability is derived based on the Lyapunov function constructed from first integrals of the system then partial stability can be proven by using new Lyapunov function of a simple form.
This fact substantially simplifies the search of an appropriate Lyapunov function leading to partial stability of the system. Indeed, if the simplest choice of Lyapunov function candidate constructed from the first integrals of the system, does not result, in partial stability, then no other choice of Lyapunov function candidate constructed from first integrals of the system will result in partial stability.
Omitting some technical assumptions, the main result of the present paper states that: an existence of a partially stabilizing controller with the associated storage function constructed from the first integrals of the unforced system, implies that the controller derived by speed-gradient algorithm 121 from new stomge function of a simplified form is also stabilizing provided that any solution of the closed loop system with this feedback controller has non-empty compact w-limit set.
To illustrate this basic result the problem of partial stabilization of the downward equilibrium of the novel Inertia Wheel Pendulum is considered and solved.
